The Lorentz invariant theory of gravitation is reexamined when the source of gravity is spin-1/2 particles and gauge fields such as the electromagnetic field. Starting with conventional field theory of a symmetric, massless tensor field coupled to the symmetrized energymomentum tensor of the source, we notice that in addition to the symmetric tensor field, a new antisymmetric tensor field is required to ensure consistency of the field equation. It is then shown that there are two satisfactory nonlinear theories of gravitation, which are degenerate in the classical limit. One of them is General Relativity based on the Riemann space-time. The other is a gravitational theory based on the Weitzenbock space-time with absolute parallelism. In the latter theory, which is called New General Relativity, an antisymmetric field produce physically observable effects. § l. Introduction
§ l. Introduction
The Lorentz invariant theory of gravitation, which describes gravitation by conventional field theory of a symmetric tensor field {h~v} coupled to the symmetrized energy-momentum tensor of matter, has a long history. 1 al,Jbl,* 1 It is known by now that such a theory necessarily becomes nonlinear one in order to ensure gauge invariance to all orders in h"v, and that the Minkowski metric initially assumed is unobservable in principle. In fact it was pointed out, 21 by taking as probes light rays and classical point particles, that real clocks and measuring rods are effected by gravity in such a manner that the metric measured by them corresponds to a Riemann space-time. Thus the Lorentz invariant theory of gravitation gives the same concepts and consequences as Einstein's General Relativity.
It seems, therefore, that there is no room for any new theory of gravitation for classical phenomena. In the microscopic world, however, the situation is different and a new possibility arises, because fundamental constituents of matter such as leptons and quarks are all spin-1/2 particles described by spinor wave functions obeying the Dirac equation. In the Lorentz invariant theory thus far considered, clue attention has not been paid to the gravitational interaction of spin-1/2 particles, *l The Lorentz invariant theory of gravitation can be divided into two classes: (a) classical field theory of a symmetric tensor field,"'1 and (b) quantum theory of massless particles with spin 2.1bl The present paper is an extension of the first approach to the gravitational interaction of spinor fields. which may be considerably different from that of classical point particles.
It is the purpose of this paper to study Lorentz invariant theory of gravitation for spin-1/2 particles interacting with gauge fields such as the electromagnetic field. These particles and fields are very likely to be fundamental constituents of matter according to contemporary high energy physics. In this paper the gravitational and gauge fields are treated as if they were classical, while spin-1/2 particles are described by spinor wave functions obeying the Dirac equation. Let us briefly outline the main points of this paper. We start with the assumption that the gravitational potential is a symmetric tensor field {hP'} in Minkowski space-time coupled to the symmetrized energy-momentum tensor {TP'} of matter. The total action J<!l is then given by As is well known,' 1 the field equation of h'" derived from the action (1·1)
is contradictory, because o,T""=/=0 when the gravitational interaction is taken into account. This is due to the fact that the last term of (1·1), which describes the gravitational interaction of matter, is not invariant under gauge transformation (1· 2) when o,T""=/=0. Thus we must revise the action (1·1). It turns out impossible, however, to construct such an action that is invariant under (1· 2) to all orders in h"", so we must also revise gauge transformation (1· 2) at the same time:
The revised transformation law, under which the revised action is invariant, will still involve four small but otherwise arbitrary functions.
In order to make the action gauge invariant to lowest order*' in h'", we must introduce a new antisymmetric field {AP"} coupled to the antisymmetric part of the non-symmetric energy-momentum tensor of spin-1/2 particles. The total action pn thus becomes Since the total action (1 ·1 ') is not yet fully invariant under (1· 3) and (1· 4) to higher orders in hll' and All', the field equation is still contradictory, and consequently we must still revise the action (1·1'). Before going further, however, we must notice that there are two possible ways to treat an antisymmetric field. The first way is to regard {All'} as a purely mathematical entity without any physical content. For this purpose we add a new coupling term (1/2) A,ll,,S'Il' to the action, where {S'Il'} is the spin tensor of spin-1/2 particles: The total action is now The second way is to regard {All'} as a physically meaningful dynamical *l Our convention of the gamma matrices in special relativity is as follows:
{r". r'} = -2r;"', (r;'") =diag ( -1, + 1, + 1, + 1),
I
8'"=4[r", r'], ro=ir'r'r'r'. **> "Lowest order" means to ignore terms proportional to h · aJ or A· aJ. On the other hand, the second way leads to another theory of gravitation which contains a new parameter }. besides Einstein's gravitational cono;tant /C. 1'ht• underlying geometry of space-time in this nonlinear theory of gravitation is the Weitzenbiick space-time with absolute parallelism. 5 l This theory is investigated in detail in Ref. 6) , and is given the name, New General Relativity, since Einstein in 1928 introduced absolute parallelism into physics for the first time.7l
In § 2 we briefly review the gravitational interaction of classical point particles. Vve then discuss in § :-3 the gravitational interaction of spin-1/2 particles and gauge fields in lowest order of the gravitational coupling constant. In § 4 we revise tht• action following the first way, and clerivt' General Relativity. The second way of revising the action is then analyzed in § 5, and New General Relati\'ity is derived. \V c close the paper in § 6. § 2. GraYitational interaction of classical point particles
In this section we briefly review how the Lorentz invariant theory of a sylllmetrie tensor field {h,,}. coupled to the energy-momentum tensor {T,,} of classical point particles, leads to Einstein's General Relativity. We take as the Lagrangian density of the symmetric tensor f]e ld, Lc <o>, the following expression Y up to a divergence. This invariance property of Lcwl is reflected in the fact that the divergence 8vGS 1 J vanishes identically.
A classical particle moving along a classical trajectory z" (r) under the influence of the symmetric tensor field is described by the action
smce {T"v} 1s given by This inconsistency arises from the fact that the matter action IM of (2 · 9) is not invariant under gauge transformation (2 · 7). Therefore, we must revise the transformation law (2 · 7), and also the gravitational Lagrangian density (2 ·1) in order to maintain its invariance under the revised transformation.
The action IM of (2 · 9) can be made invariant under (2 · 7) to lowest order 111 h,,"' by making coordinate transformation
at the same time, so we make coordinate transformation (2 ·12). *J The action
where {g",} is defined by (2 · 5). We thus take (2 ·13) as the revised, correct transformation law of h",: (2·13') is just the transformation law of a covariant second-rank tensor under small coordinate change (2 ·12). The inverse of {g,"}, {g'"}, which is given by g'" = r;'" + h 1 " to first order in h 1 , then transforms like a contravariant second-rank tensor.
The gravitational Lagrangian density LG co> is not invariant under the revised transformation (2 ·12) and (2 ·13), so it must be revised by rewriting in terms of those quantities that obey the transformation law of tensors under (2·12). Accordingly, (r;'" + h"') and r;"' are to be replaced by g"'. The trace h=h/ cannot be replaced by a scalar because g/ = 4; its role becomes clear, if one notices the
with (2 ·15) and the well-known fact that v ~gd'x is an invariant volume element. Since
LG co> can be rewritten within accuracy up to second order of h'" as (2 ·1') the revised, correct Lagrangian density LG must be *> Throughout this paper, A' are four small but otherwise arbitrary functions, so second and higher order terms of A'' can be ignored.
This 1s just the Hilbert action in General Relativity. § 3.
Gravitational interaction of fundamental particles and fields --Lowest order--
We now turn to the gravitational interaction of spin-1/2 fundamental particles and gauge fields, assuming as in the previous section that the gravitational potential {h 11 v} is coupled to the symmetrized energy-momentum tensor {T 11 v}. As the simplest model 1ve take an interacting system of a charged Dirac field <jJ and the electromagnetic field {.!lv}; generalization to non-abelian gauge fields is straightforward.
The gravitational interaction Lagrangian density LfAi is
with {T(~M and {T~~Ml}, the symmetrized energy-momentum tensor of a Dirac field and the electromagnetic field, respectively (see the Appendix for the explicit expressions for them). The matter Lagrangian densities including the gravitational interaction, L0 w and Lfl~, are then given by
where L 0 CJJ, Lfl~ and {F 11 v} are defined by
As in the previous section, we assume that the gravitational Lagrangian density
LG 101 is given by (2 ·1 Consequently L 0 m of (3·2b) is not gauge invariant as it stands. This difficulty is overcome by introducing an antisymmetric field {A''"}, which transforms as (3 ·11) in addition to the symmetric field {h''"}, and then making the following replacement in Lnul:
Hereafter we denote by Ln Cll the newly obtained Lagrangian density,
)
(3 ·13b)
The electromagnetic potential {A,} has to transform m the same way as a,~, so we define
The Ln (!) of (3 ·13b), which we call the Dirac Lagrangian, is then invariant to lowest order in h''" and A"" under the combined transformation, (2 · 7), (3 · 7a, b), (3 · 9), (3 ·11) and (3 ·14). The action of a Dirac field,
is also invariant to lowest order in h"" and .!1 1 '" under the same transformation, since (1-(h/2)) d'x is an invariant volume element to lowest order in h''".
From (3 · 3) and (3 ·14) it follows that the electromagnetic action
1s invariant to lowest order in h"" under transformation (2 · 7), (3 · 9) and (3 ·14).
It is to be noted that an antisymmetric field {A""} need not be used in It/h. is invariant under transformation (3 · 7a) and (3 ·11), since the spin tensor {S'"'} of (3 ·19) is totally antisymmetric. The total action, which we denote by I 1 rD in this case, T. Shirafuji
with A1, four small but otherwise arbitrary functions, and the transformation (3 ·17a~c) with (1)1" = -o)"' six small but otherwise arbitrary functions. It should be stressed here that the nonminimal interaction of (3 · 21) is needed only to make the invariance group of the action larger.
(ii) The second is to regard an antisymmetric able -vvith its own kinetic Lagrangian density LA col.
denote by I 1 \l) in this case, is then given by field {ii'"} as dynamical variThe total action, which we (:1. 24)
The Lagrangian density LA 101 can be constructed by requiring the following postulates:
[1] Invariance under the Lorentz group.
[2] In variance under gauge transformation (2 · 7) and (3 ·11).
[3] Invariance under space inversion.
[ 4] LA 101 be a quadratic expression of first-order derivative of an antisymmetric field, {A'~',,}, but at most linear with respect to first-order derivative of the symmetric field, {h"''.J.
The postulate of [ 4] is required, because we assume in this paper that the symmetric field is described by the Lagrangian density LG co> of (2 ·1) to lowest order in h'". If LA<o> contained quadratic terms of {h"~',,}, the field equation of h 1 " would not be the linearized Einstein field equation (3 · 5) . From the postulate of [2] it follows that LA<oJ should contain h'" and Jl'" only through the combination,
which 1s decomposed into three irreducible parts under the Lorentz group: 10 > Ul· 26) (3·27) (3. 28)
The most general expression for LA 101 1s then gwen by however, involve quadratic terms of {h"~',.}, so we put
because of the postulate of [ 4] . Thus the kinetic Lagrangian density of an antisymmetric field becomes The invariant property of the total actions, I 1 <D and IJ. 1 l, mentioned above holds true only to lowest order in h"" and A"", so the field equations derived from them
are not yet consistent. Therefore, we must still revise II <D and IJ 1 l so that they become invariant to all orders in h"" and A"". § 4. Nonlinear theory. I
--Einstein's general relativity--
Let us revrse the action II m of (3 · 22) and the transformation of (3 · 23a'"'-'d) so that the revised action be invariant to all orders in h"" and A"" under revised transformation. Equation (3 · 23b) means a general coordinate transformation, x" ---).x'" = x" +A", so it does not need any modification. Equations (3 · 23c'"'-'d), which define the transformation law of tf; and {A.} under coordinate transformation, should not be changed either, because they indicate that tf; and {A.} transform like a scalar and a covariant vector, respectively, under general coordinate transformation.
Therefore, only Eq. (3 · 23a), i.e., the transformation law of {h""} and {A""}, need be revised.
The problem is thus the following: (1) Define the correct transformation law of {h""} and {A""} under general coordinate transformation, and then (2) revise the action Ir <D by adding to it second and higher order terms of h"" and A"" so that the revised action be invariant under general coordinate transformation.
Since spin-1/2 particles are fundamental constituents of matter, we define the transformation law of {hP"} and {A,uv} by requiring that the Dirac Lagrangian L 0 en of (3 ·13b), without any further corrections, is invariant to all orders in h#" and AP" under general coordinate transformation:
where cf/ =cj/ (x') and so on. We assume that the gamma matrices are not subject to coordinate transformation, since their components are merely numerical constants. Then inspection of (3 ·13b It will be found convenient to introduce the inverse of { e/}, {ek .} , and the metric tensor, {g #V} and {g#"}, by
The {e\} for each k transforms like a covariant vector, We are now ready to derive the revised, correct action II. invariant volume element, II can be expressed as
Since .,;=-gd 4 Ln <tl and L(n~) of (3 · 22) , respectively. It is seen from (2 ·1 ') , (3 · 3a, b) and (3·13a, b) with the help of (4·3) and (4·8)'"'--'(4·10) that LG, LEM and Ln are given by
(4 ·17)
We assume that the totally antisymmetric Levi-Civita symbol c, which takes the values 0 and ± 1, IS not subject to coordinate transformation: Thus it has Latin indices,
with Latin indices enclosed in parentheses. Consequently the spin tensor of (3 ·19) should also have Latin indices,
In view of this property of the spin tensor, inspection of (3 · 21) shows that L~nt is given by
. LG and LEM, are also invariant by virtue of ( 4 · 27c, d). The total action I 1 of ( 4 ·13) is therefore invariant. This is just the local Lorentz invariance of General Relativity. Einstein's General relativity thus follows, if one makes an assumption that an antisymmetric field {ll"'} required by consistency of the field equation should be regarded as a purely mathematical entity. This assumption, however, is brought m from outside: Therefore zf one does not assume it, one is led to another theory of gravitation. This we do in the next section. § 5. Nonlinear the()ry. II
--New general relativity--
We shall now revise the action J~l) of (3 · 24), following the second possibility stated in § 3. The Lagrangian densities, LG <oJ, Li}~ and LD <ll can be revised in the same manner as in the previous section. Since an antisymmetric field {A~'} describes a massless field with spin-partity o+ in this case, we denote (ok' + t hk' + lik')
instead of using {e.'} of (4·3): {b.'} and its inverse {bk,} should transform in the same way as {ek'} and {ek,}, respectively, under coordinate transformation.
The revised, correct, gravitational and electromagnetic Lagrangians, LG and LEM, are given by ( 4 ·15) and ( 4 ·16), respectively, while the Dirac Lagrangian LD is given by (4·17) with {e.'} replaced by {bk'}. The revised, correct action Irr can thus be represented as ( 5· 2) where
( 5 ·6) and LA is the revised Lagrangian of an antisymmetric field. The form of LA can be fixed by the following requirements: (1) LA is form invariant under coordinate transformation, and (2) the Lagrangian density LA -y' =gLA coincides with LA<oJ of (3 · 31) in lowest order of h~' and A~'. First of all we must redefine {a~} of (3 · 28) so that it become a scalar or a vector under coordinate transformation. For this purpose, we assume as in the previous section that the totally antisymmetric Levi-Civita symbol E: has Latin indices (see ( 4 ·18)). It is shown in § 3 that the action frill of (3 · 24) is invariant to lowest order in hP' and /:F' under two kinds of transformations; one is (3 · 23a"-'d) and the other is (3 ·17a"-'c) with wP, given by (3 · 20) . The action 1 0 of (5 · 2) is invariant under general coordinate transformation which is the revised form of (3 · 23a"-'cl).
Let us now try to revise another transformation (3 ·17a"-'c) with wP, given by (3 · 20) . As has been shown in the previous section, the revised form of (3 ·17a "-'c) is an infinitesimal local Lorentz transformation,
The gravitational and electromagnetic Lagrangians, LG and LEM, are both invariant under (5 · 9a"-'c), while LA and LD are varied as
because ai and a,vJ change like When the source of gravity is spin-1/2 particles, there are two different ways to formulate the Lorentz invariant theory of gravitation according as an antisymmetric field, which ensures consistency of the gravitational field equation, is treated as purely mathematical, unphysical entity or not. If we choose the former possibility, we are led to the usual General Relativity based on the Riemann space-time.
If an antisymmetric field is physically significant, on the other hand, it describes a massless meson with spin-parity o+: In this case we are led to New General Relativity based on the W eitzen bock space-time. Whether an antisymmetric field is physically significant or not should be decided by experiment: At present there 1s no experimental evidence for an antisymmetric, massless meson with spin-parity 
Let us define the gauge invariant non-symmetric energy-momentum tensor {T/M' 1 '} of matter by (A·7)
Then we find after a little algebra that the symmetrized energy-momentum tensor {T;. 1 '} of (A ·1) is given by (A·8) where {SM; 1 ''} is the spin tensor of matter fields,
and {TmM 11 ''} 1s the symmetrized energy-momentum tensor of the electromagnetic field,
The sum of the first two terms in (A· 8) is the symmetrized energy-momentum tensor of matter fields. The identity (A· 4) applied to LM gives 
Using (A ·13) and (A ·14) m (A· 8), we find that the symmetrized energy-momentum tensor of a Dirac field is just the symmetric part of {T<Dllp}: Therefore we get (A·l5)
Although we considered only the electromagnetic field, all the expressions obtained above are valid also for nonabelian gauge fields.
